OBSERVABLE CONCENTRATION OF MM-SPACES INTO SPACES 
O ■ WITH DOUBLING MEASURES 

O 

KEI FUNANO 

Ch 
03 
I—* 

ON 

Abstract. The property of measure concentration is that an arbitrary 1-Lipschitz func- 
tion / : X — > R on an mm-space X is almost close to a constant function. In this paper, 
' we prove that if such a concentration phenomenon arise, then any 1-Lipschitz map / 

from A to a space Y with a doubling measure also concentrates to a constant map. As 
a corollary, we get any 1-Lipschitz map to a Ricmannian manifold with a lower Ricci 
r~! ■ curvature bounds also concentrates to a constant map. 

03 

1. Introduction 

Let fj, n be the volume measure on the n-dimensional unit sphere § n in M. n+1 normalized 
as yU n (S n ) = 1. In 1919, P. Levy proved that for any 1-Lipschitz function / : S> n — > K and 
■^j- ! any e > 0, the inequality 

En | G S n | -m/l > e}) < 2 e^ 1 ^ 2 

holds, where is some constant determined by /. For any fixed e > the right-hand 
side of the above inequality converges to as n — > oo. This means that any 1-Lipschitz 
function on S n is almost closed to a constant function for suffiecient large n. In 1999, 
M. Gromov introduced the notion of the observable diameter in [3j. Let us recall its 
definition. 

Definition 1.1. Let Y be a metric space and Vy a Borel measure on Y such that m : = 
vy(Y) < +oo. We define for any k > 

diam(z/y,m — k) := infjdiamlo | Q Y is a Borel subset such that z/y(lo) > — k} 

and call it the partial diameter of Vy. 

An mm-space is a triple (X, <i,/i), where d is a complete separable metric on a set X 
and /x a Borel measure on (X, d) with fi(X) < +oo. 

Definition 1.2 (Observable diameter). Let (X,d,fi) be an mm-space and Y a metric 
space. For any k > we define the observable diameter of X by 



X 



diam(X^F, m — k) := sup{diam(/ ! „(/i), m — k) \ f : X — >• K is an 1-Lipschitz map}, 
where /*(//) stands for the push-forward measure of \i by /. 
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The target metric space Y is called the screen. The idea of the observable diam- 
eter came from the quantum and statistical mechanics, that is, we think of fi as a 
state on a configuration space X and / is interpreted as an observable. Suppose that 

diam(X ^-4-R, m — k) < e for suffieciently small e, k > 0. By the definition, for any 1- 
Lipschitz function / : X — > R, there exists a Borel subset Af C R such that diamAf < e 
and f*([i)(Af) > m — k. If we pick a point rrif G Af and fix it, then we have 

H({x G X | \f(x) - m f \ > e}) < ^(/ -1 (R \ A/)) < «. 

Since e and At are suffieciently small positive numbers, the above inequality means that 
any 1-Lipschitz function / on X is almost close to the constant function mf. On 
the basis of this fact, we define a sequence {X n }^ =1 of mm-spaces is a Levy family if 

diam(X n —^Hl,m n — k) — > as n — ► oo for any k > 0, where m n is the total measure 
of the mm-space X n . Gromov proved in [3] that if a sequence {X„}" =1 of mm-spaces is 

a Levy family, then diam(X n — — *R fc , m n — k) —>■ as n — * oo for any k > and k G N. 
He also discussed the case that the dimension of R fc goes to oo. Our paper [2] tackles 
this problems in the case that the screens are the real hyperbolic spaces. Gromov treated 
in [3] the case that the screen Y moves around all elements of a family Co of compact 
metric spaces which is precompact with respect to the Gromov-Hausdorff distance. In 
particular, he proves the following theorem. For any m G N, K\ G R and D > 0, we 
denote by 7W mjKli _D the set of all complete Riemannian manifolds M of dimension m such 
that Ricu > «i and diamM < D. 

Theorem 1.3 (Gromov [3]). Let {X„}^° =1 be a Levy family. Then we have 

sup{diam(X n —^M,m n — k) \ M G M. m ,m,D} —> 
as n — > oo /or any At > 0. 

In this paper, we consider more large class of screens. We treat the case that screen Y 
has a doubling measure. Let Y be a metric space. Given i67 and r > 0, we indicate 
by By{x,r) the closed ball centered at x with radius r. For a number R > and a 
function C : (0, i2] — > [l,+oo), we denote by Dq,r the set of all pairs (Y,v Y ) satisfying 
the following properties: Vy is a Borel measure on Y such that 

< v Y (B Y (x, r)) < +oo 

and 

(1.1) vy(By{x,2r)) <C(r)u Y (B Y (x,r)) 

for all x G F and r > with r < R. A main theorem of this paper is the following: 

Theorem 1.4. Let {X n }^ =l be a Levy family and C : (0, R] — > [l,+oo) an arbitrary 
function. Then we have 

sup{diam(X n ^4 Y, m n - k) | (Y, v y ) G -Dc.i?} — > 
as n — >• oo /or an^/ At > 0. 
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Theorem 11.41 together with Bishop-Gromov volume comparison theorem proves that 
Theorem 11.31 holds even without the diameter bound D for the screens. 

2. Preliminaries 

2.1. Basics of doubling measures. Although the following lemma and corollary are 
somewhat standard, we prove them for the completeness of this paper. 

Lemma 2.1 (cf. [1]). Suppose that (Y, vy) G Dc,r- Then for any r 1; r 2 > with 2r x < 
2^2 < R , there exists a number C(ri,r 2 ) depending only on r\ and r2 such that 

v Y (B Y (x, ri)) 1 C(n,ra) 



v Y (B Y (y,r 2 )) C( y r 1 ,r 2 ) 2 \r 2 J 
for any x,y G K wit/i a; G B Y (y, r 2 ) ■ 

Proof. Put j := min{z G N | B Y (y,r 2 ) C B Y (x, 2Vi)} and (7(ri,r 2 ) := max{C(2Vi) | 1 < 
z < log 2 (2r 2 /ri)}. Since B Y (y,r 2 ) <£. B Y (x, 2- J_1 ri) and B Y (y,r 2 ) C B Y (x, 2r 2 ), we have 
2^~ 1 n < 2r 2 . Iterating (II. ip j times yields 

z/y(5y(y,r 2 )) ^(Byfo^n)) <C(r 1 ,r 2 )V y ( J B y (x,r 1 )). 
As a result, we obtain 

— 7—- rr>C{ri,r 2 ) J >C(r 1 ,r 2 ) ^ = ~- --) 

u Y (B Y (y,r 2 )) C(ri,r 2 ) 2 W 

This completes the proof. □ 

Corollary 2.2. Suppose that (Y, v Y ) G -Dc,r /or some i? > and C : (0, i?] — > [1, +oo). 
Then B Y (x, r) is compact for any x G Y and r > with 2r < R. 

Proof. The proof is by contradiction. Suppose that B Y (x,r) is not compact. Then, there 
exist e > with e < min{_R — r, r} and infinite 3e-separated set C B Y (x,r). By 

using Lemma [2. 11 we have 

+oo > Uy(B y {x,R)) >^vy{B Y (xi,e)) > ^ (^) *' u Y (B Y (x,r)) = +oo, 

i=l i=l ' ' 

which implies a contradiction. This completes the proof. □ 

2.2. Separation and concentration. In this subsection, we prove several results in [3] 
because we find no proof anywhere. 

Let (A, d) be a metric space. For x G A, r > 0, and A,B C X, we put 

d(A, B) := M{d(a, b)\aeA,beB}, d(x, A) := d({x}, A), A r := {x G A | d(x, A) < r}. 
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Definition 2.3. Let (X, d, /•*) be an mm-space. For any k,q, Ki, • • • , G R, we define 

Sep(X; kq, ■ ■ ■ , k n ) = Sep(/i; re , • • • , k n ) 

:= supjmin d{Xi, Xj) | X , ■ • • , are Borel subsets of X 

such that /i(Xj) > ACj for any z}, 

and call it the separation distance of X. 

The proof of the following lemma is easy and we omit the proof. 

Lemma 2.4 (cf. |3J). Let (X, dx,Hx) and (Y, dy A*y) ^ e too mm-spaces. Suppose that 
an 1-Lipschitz map f : X —* Y satisfies f*([ix) = Hy- Then we have 

Sep(T; « , • • • , k n) < Sep(X; kq, ■ • ■ , k n ). 

Lemma 2.5 (cf. [3j). Let (X, <f,/i) be an mm-space and k,k' > with k > k' . Then we 
have 

diam(X — ■> R, m — «;') > Sep(X; 

Proof. Let X 1; X 2 C X be two closed subsets such that /x(Xi), /x(X 2 ) > ft. We define a 
function / : X — > R by f(x) := d(x,Xi). Let us show diam(/* (/i) , m — k') > d(X 1 ,X 2 ) 
by contradiction. Suppose diam(/*(//), m — k') < d(X 1 ,X 2 ). There exists a closed subset 
X C [0,+oo) such that diamX < d(X 1 ,X 2 ) and n(f-\X Q )) > m-n'. If /- 1 (X )nX 1 = 
0, we have a contradiction since 

Kf'\X ) U X x ) = y.{f-\X Q )) + Ai(X0 > (m - «/) + k > m. 

In the same way we have / _1 (X ) fl X 2 7^ 0. Take a point Xi G / -1 (Xq) fl Xi. /(xi) = 
d(xx,Xi) = G X implies that X C [0,diamX ]. Therefore, we have / _1 (X ) C 
(Xi)diamXo, which yields /~ 1 (X )nX 2 = since diamX < d{X±, X 2 ). This is a contradic- 
tion since / _1 (X )nX 2 7^ 0. As a consequence, we obtain diam(/*(/^), m— k') > d(Xi, X 2 ) 
and this completes the proof of the lemma. □ 

Remark 2.6. In [3], Lemma 12.51 is stated but that is not true in general. 

For example, let X := {xi,x 2 }, rf(xi,x 2 ) := 1, and fi({xi}) = yu({x 2 }) := 1/2. Putting 

« = K ' = 1/2, we have diam(X ^R, 1/2) = and Sep(X; 1/2, 1/2) = 1. 

We denote by Supp \x the support of a Borel measure /1. 
Lemma 2.7 (cf. [3]). Suppose that Supp /x zs connected. Then, for any k > we have 

diam(X — \ R, m — k) > Sep(X; 

Proof. Let Xi, X 2 C X be two closed subsets such that /i(Xi) > ac and /i(X 2 ) > k. Define 
a function / : X — > R by f{x) := d(x,Xi). We will show diam(/*(/j), m — k) > g?(Xi,X 2 ) 
by contradiction. Supposing that diam(/*(/x), m — «) < rf(Xi,X 2 ), there exists a closed 
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subset X C [0, +00) such that diamX < g?(Xi,X 2 ) and fi(f~ 1 (Xo)) > m — k. If 
f-\X )nX 1 = 0, we have 

M/ _1 (*o) U X x ) = n(f-\X )) + /x(X 1 ) >( m - K ) + K = m , 

which implies Supp /i C / _1 (X ) U X\. This is a contradiction since Supp \i is connected. 
In the same way, we have / _1 (X ) fl X 2 7^ 0. Picking %\ G / _1 (X ) D Xi, we get 
J{x\) = d(xi,Xi) = G X , which yields X C [0,diamX ]. Hence, we have / -1 (X ) C 
(Xi) diam x , which implies / _1 (X ) n X 2 = since (Xi) diamXo n X 2 = 0. This is a 
contradiction because / _1 (X ) fl X 2 7^ 0. As a result, we obtain diam(/*(/x), m — n) > 
d(X\, X 2 ), which completes the proof of the lemma. □ 

Lemma 2.8 (cf. |3J). Let v be a Borel measure on R with m := u(M.) < +00. Then, for 
any k > we have 

diam(z/, m — 2k) < Sep(i/; k, k). 

Proof. Put a : = sup{a G E | 00, a)) < k} and 6 := inf{6 G IR. | v((b, +00)) < k}. 
Then, we have a < b and 

k< lini z/((— 00, a + e)) = 00, a ]) , 
k< limz/((6 - £, +00)) = z/([6 , +00)). 

^((— 00, a )) < k and z/((6 , +00)) < k imply z/([ao,&o]) > ^ — 2k. Therefore, indicating 
by dm. the usual Euclidean distance, we obtain 

diam(V, m — 2k) < diam([ao, b ]) = b — a = dm. ((— 00, Oq], [60, +°°)) < Sep(z/; k, k). 

This completes the proof. □ 

Corollary 2.9 (cf. |3J). For any k > 0, we have 

Sep(X; ) > diam(X — ■> IR, m — 2k). 

Proof. Let / : X — > IR be an arbitrary 1-Lipschitz function. From Lemma l2~4l and Lemma 
12.81 we have Sep(X; k, k) > Sep(/*(/i); k, k) > diam(/*(/i), m — 2k). This completes the 
proof. □ 

Combining Lemma 12.51 and Corollary 12.91 we obtain the following corollary. 

Corollary 2.10 (cf. [3J). A sequence {X n }^ =l of mm- spaces is a Levy family if and only 
if Sep(X n ; k, k) — > as n — > 00 for any k > 0. 

3. Proof of the Main Theorem 



00 

71=1 



Proof of Theorem \1.4\ Let {(Y n , z/y n )}^L 1 be any sequence of Dc,r and {/„ : X n — > F n } 
any sequence of 1-Lipschitz maps. Given any e > with 32e < 3i?, it suffies to show that 
diam(/ ri , [ (/x ri ), m n — k) < 6e for any n by choosing a subsequence. The claim obviously 
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holds in the case of limsupm n = 0, so we assume that inf m n > 0. Take a maximal 
^-separated set {C,a}aeA n ^ for each n EN. 
Claim 3.1. For any n£N and a G A n , we have 

Card({/3 G An | Q G B^&Se)}) < 2^^c(^ . 

Proof. By CororallyE^l the set {(3 G A n \ Q G £y„(C> 5e)} is finite. Let {/3 X , fa,--- (3 k ) : = 
{/3eAn\$e By„(£,5e)} and take j G {1,2,--- ,k} such that z/y n (£y„(££., e/3)) = 
minK n (Sy n (^,e/3)) | £ = 1, 2, ■ • • , fc}. Since 

**» (sk, (c ^) ) > E ^ K« (& > |) ) ^ > I 

combining this and Lemma 12.11 we have 

k < VY n (B Yn (£,16e/3)) ^ /16e/3x c^/W^ , E _ 16ex 2 = , £ lfex 2 

^»(£y»(£&>e/3)) V e/3 / V3' 3 / V3' 3 / ' 

This completes the proof of Claim 13.11 □ 

By Claim 13.11 for each nGN there exists a n G A n such that 

k n := Card({/? e A n \ Q £ B Yn (Q n ,5e)}) = sup Card({/3 G A, I ®e By n (£,5e)}). 

By taking a subsequence, we get k n = k for any n. Put {/?", (3% , • • ■ , (3%} := {(3 G 
A n \ Q <E -B(^„,5e)}. We take Jf C {^}«e^n which is maximal with respect to the 
properties that Jf is 5e-separated and ^ £ Jf, ^ ^ J", • • • , £pn G" J". Next, we take 
■^2 — {^alae^nV^r which is maximal with respect to the properties that J% is 5e-separated 
and^n G J2,$n & J%, Jl In the same way, we pick J 3 " C {eU\^U^), 

• • • , Jl C {e}a 6A . \ (-T U J 2 " U • • • U Then we have 



Claim 3.2. {&} a eAn = J i u J 2 U • • • U Jl for each n G N. 

Proof. The proof is by contradiction. Let us suppose that £™ G" J" U U ■ • • U J k . Since 
J" is maximal for each i = 1, 2, • • • , k, there exists G J™ such that c?y n (C2) < 5£ 
and £™ 7^ £™ . Therefore, we have 

k + 1 < Card({C,^,e 7 n 2 , " " " ,Q}) < Card({/3 G A n | Q G By„(&5e)}) < k, 
which is a contradiction. □ 



By Claim |3T2| we have Y n — (J (J -By n (£™,£). Therefore, by taking a subsequence, 
there exists jo G N such that 1 < jo < k and 



/n*w( U ^(e»)>j 



OBSERVABLE CONCENTRATION OF MM-SPACES INTO SPACES WITH DOUBLING MEASURES 7 
for any nGN. Then we obtain 
Claim 3.3. 



Clip /n 



as n — > oo. 



Proof. If f n *(^n) [Yn\ U By n (Ca^ 2e) ] > C" for a constant C" > and infinitely many 
77 G N, then we have 

£<dy„(V„\ |J 5 y „(e2,2£), |J Sy„(£M) < Sep(/ n ^n);C",^infm n ) 



< Sep (/i n ; C, y inf m n 

V K neN 



This is a contradiction, since the right-hand side of the above inequality converges to 
as 77 —>• oo. We have the claim. □ 

Claim 3.4. For any suffiecient large n G N t/iere exists £™ n G sitc/i £/ia£ 

fn*(Vn)(B Yn {^ n ,2e)) > ~ inf m n . 
Proof. Let us prove the claim by contradiction. Suppose that 

fn*(^ n ){B Yn (^,2e)) < - inf m„ 

neN 



for infinitely many 77 G N and any £2 £ • By Claim 13. 3|. there exist 77o G N such that 

5 



/n*W( (J ^(C2£))>-mfm n . 



cnp jn 



for any 77 G N with n > n . From the assumption, if 77 > no we have J' n C J„ such that 
- inf m n < fn*(Vn)( M Sy n (£J,2e)) < - inf m n . 

O neN V ^-^ / J neN 



f n e V 

Hence, by putting J" := J n \ J' n we have 



£<dy„( |J £y„(C2e), |J By n (£,2e))< Sep (/„,(u n ); \ inf m n , i inf 

\ _„ ,„ / \ D neN 2 neN 

< Sep fu n ; ^ inf m n , - inf m 

V O neN 2 neN 



trip 7/ tup VI 



which is a contradiction since the right-hand side of the above inequality converges to 
as n — ► 00. □ 



8 



KEI FUNANO 



Claim 3.5. We have 

fn^n)(Y n \B Yn (Zl,3e))^0 

as n — > oo. 

Proof. The claim immediately follows from the same proof of Claim 13.31 □ 

By Claim I3.5[ for any suffiecient large neNwe have 

f n *{» n )(Y n \B Yn (tl,3e))<K, 

which implies diam(/ n *(// n ), m n — k) < diam B Yn (£™ , 3e) < 6e. This completes the proof 
of Theorem [OJ □ 
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